have recently studied the transition from convective to absolute instability in hot round jets, for which absolute instability is led by axisymmetric perturbations and enhanced when lowering the jet density. The present paper analyses similarly the counterpart problem of wake flows, and establishes that absolute instability is then led by a large-scale helical wake mode favoured when the wake is denser than the surrounding fluid. This generalizes to variable density and compressible wakes the results of Monkewitz (J. Fluid Mech. vol 192, 1988, p. 561). Furthermore, we show that in a particular range of density ratios, the large-scale helical wake mode can become absolutely unstable by increasing only the Mach number up to high subsonic values. This possibility of an absolute instability triggered by an increase of the Mach number is opposite to the behaviour previously described in shear flows such as plane mixing layers and axisymmetric jets. A physical interpretation based on the action of the baroclinic torque is proposed. An axisymmetric short-scale mode, similar to that observed in plane mixing layers, leads the transition in light wakes, but the corresponding configurations require large counterflow for the instability to be absolute.
Introduction
Wake flows past axisymmetric bodies have been studied both experimentally and numerically in the last decades -see for instance the studies of Achenbach (1974) on spheres, of Fuchs, Mercker & Michel (1979) and Berger, Scholz & Schumm (1990) on circular disks. It has been generally acknowledged that this class of flow is dominated by an instability of the helical mode, resulting in the lowfrequency shedding of large-scale coherent structures in the form of two superimposed modes of azimuthal wavenumbers m = ±1. Low Strouhal numbers of 0.2 and 0.135, characteristic of vortex-shedding phenomena, have been reported for the sphere and the disk, respectively, based on the body diameter. Kim & Durbin (1988) showed that the periodic shedding regime was intrinsic, i.e. insensitive to low levels of external acoustic excitation for forcing frequencies far enough from the natural one.
The onset of this type of self-sustained synchronized oscillations in free shear flows, such as wakes and jets, has been analysed using the local stability theory, that computes the instability properties of a fictitious parallel flow obtained by extending to infinity the velocity profiles measured at each streamwise station. Numerous theoretical approaches have provided strong evidence that the transition from convective to local absolute instability (Briggs 1964; Bers 1975 ) plays a crucial role in the existence of such oscillations. The works of Koch (1985) and Monkewitz & Nguyen (1987) , among others, have shown that synchronized oscillations for the two-dimensional wake are linked to the existence of a region of local absolute instability in the near wake, where the small-amplitude wave packet generated by an arbitrary perturbation propagates both in the upstream and downstream directions, and grows in time at any fixed location. Similar results have been established for sufficiently light or heated jets in the theoretical and experimental studies of Monkewitz & Sohn (1988) and Monkewitz et al. (1990) . Striking results have also been obtained in the context of flow control. The experimental and theoretical work of Sevilla & Martínez-Bazàn (2004) shows in particular that it is possible to suppress the vortex shedding past an axisymmetric blunt-based body using a base bleed control strategy aiming at promoting the convective nature of the instability.
Recent studies have extended these analyses to the fully nonlinear regime, and have provided theoretical predictions for the onset and frequency of such synchronized oscillations in spatially developing flows. The analyses of Chomaz (1992) , Couairon & Chomaz (1997) Tobias, Proctor & Knobloch (1997 and Pier, Huerre & Chomaz (2001) on model equations in semi-infinite and infinite domains have highlighted the connection between nonlinear global modes and front dynamics that characterize the propagation of a saturated instability wave into a quiescent region (Dee & Langer 1983; van Saarloos 1987 van Saarloos , 2003 , provided the streamwise variations of the baseflow are sufficiently slow (see Chomaz 2005 for a review). The main idea developed in these studies is that the nonlinear global mode is dominated by a stationary front acting like a wavemaker, and that its frequency and spatial structure are determined by the local linear stability properties at the upstream boundary of the region of absolute instability. These conclusions apply under the assumption that the front velocity is linearly selected, i.e. the front is pulled under the action of linear mechanisms at work in the upstream tail (van Saarloos 2003) . In that case, if the flow displays convectively unstable inlet conditions, so that absolute instability arises only beyond a specific downstream station x ca , then the associated spatial structure consists of a steep front pinned at this position of marginal absolute instability. The front then separates an upstream region of vanishing amplitude, where perturbations decay exponentially, from the finite-amplitude downstream tail, made of a saturated wavetrain. The global frequency is then given by the linear absolute frequency ω 0ca r at this transition station x ca , and the spatial growth rate upstream of the front is given by the absolute wavenumber −k 0ca i . In the case where the flow displays an absolutely unstable inlet conditions, the front is pinned against the body, where the perturbation amplitude is forced to be zero. The same global frequency selection criterion applies at the threshold of global instability, i.e. the global frequency is given by ω 0inlet r . Above the global instability threshold, the criterion provides only a leading-order prediction of the global frequency (Couairon & Chomaz 1999) .
These theoretical predictions, rigorously derived only for these model equations, have been shown to apply also to real flow configurations. In the case of a twodimensional synthetic wake -i.e. with no solid boundaries and no recirculation -, demonstrated that absolute instability arises beyond a specific downstream position x ca . They also found that the upstream front of the vortex street was located at x ca and that the frequency of the von Kármán vortex street, as observed in direct numerical simulations, matches the absolute frequency ω ca 0 within 2 %. In the naturally developing wake behind a circular cylinder, despite the fact that the slow streamwise variation hypothesis is not valid in the separated region, Pier (2002) has shown that the same frequency criterion provides a 10 % accurate prediction over the range of Reynolds numbers 100 6 Re 6 180. Similar work has been carried out by Gallaire & Chomaz (2003) in the case of the double helix mode arising in swirling jets, by Lesshafft et al. (2006) in the case of hot round jets and by Gallaire et al. (2006) in the case of spiral vortex breakdown. Lesshafft et al. (2006) also considered the case of an absolutely unstable inlet condition, where the frequency selection criterion is valid in the vicinity of the global instability threshold. These studies show that, as for model equations, the global oscillations observed in these flows may be interpreted as a nonlinear global mode driven by a pulled front located at the upstream station of marginal absolute instability x ca or at the inlet when the flow is absolutely unstable there, the global frequency being approximated well by the absolute frequency at the front location, at least close to the global instability threshold.
Following this line of thought, we view unsteadiness in the wake of axisymmetric bodies as the manifestation of such a nonlinear global mode induced by a region of absolute instability. Therefore, only critical parameters at the transition between convective and absolute instability matter in predicting the existence and the frequency of such unstable modes. Consistently with experimental observations, the inviscid analysis of Monkewitz (1988) has already shown that in the incompressible homogeneous limit, such axisymmetric wakes can sustain a helical absolute instability of azimuthal wavenumber m = 1. However, many applications, such as afterbody flows, require us to consider the effect of compressibility and density variations, as in the experimental studies of Flodrops & Desse (1985) and Depres, Reijasse & Dussauge (2004) . The present study aims at generalizing the study of Monkewitz to non-homogeneous compressible wakes, and at providing a complete characterization of the convective/absolute transition of axisymmetric wake models and eventually to predict the onset and frequency of self-sustained oscillations in more complex flow configurations. In particular, physical interpretations are given in terms of a baroclinic factor, that extends to non-axisymmetric perturbations and compressible flow the effect of the baroclinic torque on the instability, discussed by Lesshafft et al. (2006) and Nichols, Schmid & Riley (2007) in the case of jets. The paper is organized as follows: the problem formulation for the base flow and its disturbances is given in § 2.1. Section 2.2 presents the numerical procedure used to determine the linear instability properties of the base flow. In § 3, the different instability modes of interest are identified through an investigation of the linear impulse response that highlights the wake/jet dichotomy and the azimuthal wavenumber selection. In § § 4.1 to 4.3, we provide a characterization of the convective/absolute transition in terms of control parameter ranges (Mach number, steepness parameter, velocity and density ratios), frequency and wavenumber.
Theoretical framework
2.1. Parallel base flow and disturbances We consider a non-homogeneous compressible ideal gas with constant specific heat c p , thermal conductivity κ, and dynamic viscosity μ, related by a unit Prandtl number. All equations are formulated in cylindrical coordinates (r, θ, z) . We use the upstream quantities ρ ∞ , T ∞ and P ∞ as density, temperature and pressure scales respectively. The fluid motion is governed by the compressible Navier-Stokes equations, written as
where D t is the material derivative, d is the strain tensor given by
and the Reynolds, Mach and Prandtl numbers are defined as
with R g and γ the ideal gas constant and the ratio of specific heats. The unperturbed wake is assumed to be steady, axisymmetric and uniform in the axial direction. This holds under the assumption that the instability wavelength is short compared to the viscous diffusion spatial scale. The base flow is therefore chosen as an inviscid solution of (2.1)-(2.3). An analytical expression of the velocity profile is taken from the studies of Monkewitz & Sohn (1988) and Monkewitz (1988) . In dimensional variables, indicated by an asterisk, the base flow under consideration reads:
In (2.6), subscripts c and ∞ refer, respectively, to the centreline and free-stream velocities. In (2.7), R is the wake radius R defined as W * b (R) = W m where W m is the mean velocity W m = (W c +W ∞ )/2. Using the mean velocity W m as velocity scale and the wake radius R as length scale, we introduce the velocity ratio Λ = (W c −W ∞ )/(W c +W ∞ ). In non-dimensional variables, the base flow reads
(2.8)
In the context of wakes, Λ varies in the range −∞ < Λ < 0, with Λ = − 1 in the particular case of a wake with zero centreline velocity. The centreline and free streams are coflowing for −1 < Λ < 0 and counterflowing for Λ < − 1. Positive values of Λ correspond to jet velocity profiles. Figure 1 shows typical wake and jet profiles that are symmetric with respect to the unity velocity, i.e.
The thickness of the shear layer is characterized by the steepness parameter D/θ, where D is the wake diameter D = 2R and θ is the momentum thickness defined in the homogeneous limit as Figure 1 . Typical velocity wake profile, and corresponding jet profile symmetric with respect to the unity velocity.
sheet obtained for N → ∞ (D/θ → ∞), and the Gaussian profile obtained for N = 1 (D/θ = 6.5). For N < 1, this family of profiles is not appropriate, as the second-order derivative of the velocity profile is singular at r = 0. The corresponding range of steepness parameters accessible through (2.6)-(2.7) is therefore 6.5 6 D/θ < ∞.
In the absence of body forces, the pressure P b is uniform throughout the flow. For a fixed ratio of centreline to free-stream density S = ρ c /ρ ∞ (S > 1 for cold heavy wakes and S < 1 for hot light wakes), the energy equation for the base flow is replaced by the Crocco-Busemann relation (Schlichting 1978) , obtained from the three-dimensional steady boundary-layer equations, and modelling a heat transport across the shear layer similar to the momentum transport. The temperature field is given by
and the density is obtained from the ideal gas relation as
In the framework of the linear stability theory, all flow field quantities are decomposed into base flow and infinitesimal disturbances ( ρ , u , v , w , t , p ) where u , v , w are the radial, azimuthal and axial components of the velocity perturbation. Disturbances are chosen in the usual normal mode form
where c.c. denotes the complex conjugate and φ stands for any disturbance quantity. The term k = k r + ik i is the complex axial wavenumber, ω = ω r + iω i is the complex pulsation, ω i and −k i being, respectively, the temporal and spatial growth rates, and m is the integer azimuthal wavenumber. Substitution of (2.12) into the governing equations (2.1)-(2.3) linearized about the base flow and elimination of the pressure disturbances p lead to a generalized eigenvalue problem for either k or ω, whose equations are given in Appendix A. For all calculations, a complete set of eigenvalues and associated eigenfunctions is obtained for a Reynolds number Re ∞ = 2000, using a spectral Chebyshev−Gauss collocation method.
2.2.
Numerical method A mode of zero group velocity ∂ω/∂k = 0 is associated with a saddle point k 0 and a branch point ω 0 = ω(k 0 ) for the complex pulsation ω(k). The saddle point k 0 must be causal and be formed by the pinching of an upstream and a downstream propagating branch, i.e. the spatial branches issuing from the saddle point must separate into the upper and lower half of the complex k-plane when ω i > ω i,max , where ω i,max is the maximum temporal growth rate, the largest ω i over all temporal waves with k ∈ R. A mode of non-zero group velocity ∂ω/∂k = v g is associated with a wavenumber k v and a pulsation ω v = ω(k v ), corresponding to a saddle pointk 0 and a branch point ω 0 =ω(k 0 ) in the Galilean frame travelling at the velocity v g for the accordingly modified velocity scale and resulting dimensionless parameters, obtained as
In the present study, modes of zero group velocity are searched by an iterative procedure: owing to the saddle point singularity in the complex k-plane, ω(k) admits a quadratic Taylor expansion around k 0 . The numerical procedure used follows that of Deissler (1987) : saddle points k 0 are computed by fitting a generic quadratic expression of the form
on the eigenvalues ω(k (i) ) obtained for three wavenumbers k (i) close to an initial guess value of k 0 . All constants k 0 , ω 0 and l are computed and three new wavenumbers are chosen closer to the extrapolated value of k 0 . The procedure is repeated until both k 0 and ω 0 become stationary within the desired tolerance (four significant digits in the present study). Note that the discrimination between pinching points and physically impermissible k − /k − saddle points requires the computation of the spatial branches. For modes of group velocity v g , k v and ω v are obtained similarly by using a quadratic expression of the form
This method was found to provide results matching the associated saddle point in the co-moving frame (r * ,z
. In the laboratory frame, the asymptotic impulse response of the flow at large times is proportional to the quantity exp(i(k 0 z + mθ − ω 0 t)) -see Huerre & Monkewitz (1985) . Therefore, only the k + /k − pinching point of highest absolute growth rate is taken into account in this study, as this mode will dominate in the long time limit. The base flow is then classified as absolutely unstable if a mode of zero group velocity has a positive absolute growth rate ω 
Similarly, for a non-zero group velocity, we use the wavelength λ v built up from k v r and D.
Linear impulse response of an incompressible wake
In the linear stability theory, an arbitrary perturbation generates a small-amplitude wave packet composed, for any particular azimuthal wavenumber, of a continuous set of spatio-temporal modes, each mode propagating with its own specific group velocity. In this section, the linear impulse response of an axisymmetric wake is investigated in the zero-Mach-number limit as a convenient way to identify the spatio-temporal modes of interest. All results are provided in terms of the spatio-temporal growth rate σ = ω ). This symmetry is of particular importance when the absolute-convective transition is of interest, as the trailing edge and the leading edge of the wave packet exchange roles. For clarity, the properties of the trailing and leading edges are always discussed for a wake wave packet propagating in a wake flow, i.e. the trailing edge is located at the 'wake side' of the wave packet, and the leading edge at 'the jet side' of the wave packet. A wake of particular Λ will then be absolutely unstable if the trailing edge of the impulse response travels with a velocity v g < 0, whereas the jet counterpart will be absolutely unstable if the leading edge travels with a velocity v g > 2. This section extends to the 'wake side' of the wave packet the study of Lesshafft & Huerre (2007) , where the impulse response is computed and discussed only for the 'jet side'.
3.1. Helical wave packet, m = 1 We choose a profile characterized by a velocity ratio Λ = − 1.2 (corresponding to a centreline counterflow of 9% of the free-stream velocity) and a steepness parameter D/θ = 60 to illustrate the physics of the impulse response. Figure 2 (a) shows the spatio-temporal growth rate σ of the helical modes (m = 1) as a function of the group velocity v g (thick line).
At the trailing edge of the wave packet, the spatio-temporal growth rate distribution exhibits an angular point for v g = 0.080 that divides the wave packet into two domains, corresponding to two distinct modes. Modes dominating at low group velocities v g 6 0.080 correspond to absolute instability modes which trigger the vortex-shedding phenomenon in homogeneous wakes (Monkewitz 1988) . These modes will be referred to as wake modes. Modes dominating at higher group velocities v g > 0.080 continually extend to the other side of the wave packet. These modes, that will be referred to as shear-layer modes, are the equivalent for m = 1 of the short-scale modes that have been identified in hot jets by Jendoubi & Strykowski (1994) for axisymmetric disturbances (m = 0).
This distinction between wake and shear-layer modes is confirmed by figure 3(a), where the radial velocity eigenfunctions u of each mode are presented, respectively, for v g = 0 (wake mode) and v g = 0.15 (shear-layer mode). All velocity magnitudes have been normalized with respect to the maximum radial velocity perturbation. For both modes, a non-zero radial velocity component of the disturbance energy is allowed in the centreline region by the boundary conditions that apply at r = 0 for m = 1. As expected for the shear-layer mode, the perturbation is concentrated in the shear-layer region, decays rapidly at large cross-stream distances and when approaching the centreline. For the wake mode, the perturbation also peaks in the shear region, but maintains a significant level at larger cross-stream distances. The large value of the perturbations at r = 0 indicates that the shear layer can no longer be considered as isolated, but interacts strongly with the boundary condition at the centreline. The wavelength λ v at the angular point close to the trailing edge of the m = 1 wave packet is also plotted in figure 3(b), all other parameters being identical to that used in figure 3(a). For these parameter settings, the angular point corresponds always to a group velocity v g > 0. The wake mode wavelength is almost independent of D/θ, so that λ v rescaled by D/θ varies proportionally to D/θ in figure 3(b). The shear-layer mode rescaled wavelength is almost independent of D/θ, confirming that λ v scales on the momentum thickness θ and is insensitive to curvature effects, a result supporting the idea that this mode is analogous to the disturbances in plane mixing layers, as D/θ goes to infinity. Healey (2005 Healey ( , 2006 have warned against the specific dynamics that may be associated with such pinching with branches issuing from the k r < 0 half-domain, i.e. the other side of the branch cut, the other side of the looking glass (Carroll 1872) , where eigenmodes grow in the crossstream direction. Fortunately, in the present case, we observe that the wake mode saddle point remains at a distance k r ∼ 0.5 from the k r = 0 axis, which is consistent with the idea that k r scales on the wake diameter. Therefore, standard results remain valid. If ω i is decreased further below ω somehow reminiscent of that resulting in the competition between axisymmetric jet column and shear-layer modes in heated jets, documented by Jendoubi & Strykowski (1994) , although there is no connection between the leading edge modes of the m = 0 wave packet and the trailing edge modes of the m = 1 wave packet. Similar results are also discussed in the study of Juniper (2006) on confined two-dimensional jets (see figure 3 for instance).
Overall wave packet: azimuthal wavenumber selection
The spatio-temporal growth rate for axisymmetric disturbances (m = 0) is also plotted in figures 2(a) and 2(b). The angular point close to the leading edge corresponds to the existence of the jet-column modes alluded to above, that lead the convective-absolute transition for isothermal or hot jets, as discussed in Jendoubi & Strykowski (1994) and Lesshafft & Huerre (2007) . At the trailing edge, the m = 0 spatio-temporal growth rate exhibits a second angular point (barely noticeable in figure 2b ) corresponding to the existence of axisymmetric wake modes at low group velocities.
The structure of the m = 2 wave packet is similar to that of the m = 1 modes, with the possibility of the trailing edge being dominated by a large-scale wake mode (see the close-up of figure 2a), but its growth rate is smaller at all group velocities than its m = 1 counterpart.
For higher azimuthal modes m > 2, the growth rate for each group velocity decreases as m increases. If the curvature effect is neglected at leading order for this large steepness parameter (D/θ = 60), the stabilization of the shear-layer mode for increasing azimuthal wavenumbers may be interpreted as an effect of the Squire theorem, since the misalignment of the local wave vector m/r e θ + k r e z with the direction of the axisymmetric wave vector e z increases with m. For the parameter settings of figure 2(a) , the overall azimuthal wavenumber trailing edge is dominated by the absolutely unstable helical wake mode (m = 1), whereas the overall leading edge is dominated by the axisymmetric jet column mode (m = 0). To our knowledge, these results on three-dimensional jets and wakes have never been shown since emphasis was put on jets, and even publications that have shown the entire jet wave packet for both m = 0 and m = 1 (Lesshaft & Huerre 2007) have overlooked the possibility of a different mode at the 'wake side' of the wave packet, corresponding to the existence of the wake modes described above. Extensive calculations in the wide range of parameters investigated here suggest that the overall trailing edge can be dominated by the axisymmetric shear-layer mode for sufficiently light wakes. Figure 2 (c) presents the modification of the wave packet when the density is decreased down to S = 0.3. The trailing edge of the m = 1 wave packet is now led by the shear-layer mode, and the overall wave packet is dominated by the m = 0 shear-layer mode (see the close-up in figure 2d ). Comparing figures 2(a) and 2(c), we see at the trailing edge that the angular point of the m = 1 wave packet has moved to negative growth rates, meaning that lightening the wake stabilizes the helical wake mode. The strong negative value of the velocity ratio Λ used in figure 2(c) in order to show the wave packet at the threshold of absolute instability demonstrates that, as in the two-dimensional case (Yu & Monkewitz 1990) , the lighter the wake, the stronger the backflow required for the instability to be absolute. The effect is opposite at the leading edge, where the angular point of the m = 0 wave packet has moved to large growth rates. This is in agreement with the promotion of absolute instability in axisymmetric low-density jets (Jendoubi & Strykowski 1994) .
Evolution of the largest spatio-temporal growth rate
The top of the wave packet in figure 2, i.e. the mode of maximum spatio-temporal growth rate σ max is of particular interest since it is identical to the mode of maximum temporal growth rate ω i,max (Huerre & Rossi 1998) . It defines the largest growth rate that may be observed while moving with the perturbation at the velocity v gmax for which σ (v g ) = σ max . Values of σ max have been computed for different values of the steepness parameter D/θ. The results are presented in figure 5 , where the smallest physical value of D/θ is 6.5, corresponding to the standard Gaussian velocity profile considered by Batchelor & Gill (1962) , which is here recovered for D/θ = 6.5 (N = 1). σ max is asymptotically proportional to D/θ, confirming that the shear-layer mode is closely related to the Kelvin-Helmholtz instability. Consistently with the results previously discussed from figure 2, the m = 0 and the m = 1 maximum spatio-temporal Batchelor & Gill (1962) , showing that only helical disturbances are amplified when the shear region of the jet is sufficiently thick. Figure 6 presents the variation of σ max as a function of S and M ∞ , for D/θ = 60. All azimuthal wavenumbers display a maximum amplification for M ∞ = 0 and S ∼ 1. These results are typical of shear instability and have already been documented in the context of plane vortex sheets, see for instance Miles (1958) for the effect of the Mach number and Drazin & Reid (1981) for the effect of the density ratio. Note that the effect of the density ratio on the most amplified spatio-temporal mode contrasts with that described for the edges of the wave packet. Decreasing the density ratio below S = 1 reduces the maximum spatio-temporal growth rate but accelerates the wave packet, promoting convective instability at the trailing edge ('wake side') and absolute instability at the leading edge ('jet side'). Increasing the density ratio above S = 1 also reduces the maximum spatio-temporal growth rate, but it slows down the wave packet, promoting absolute instability at the trailing edge and convective instability at the leading edge.
Convective-absolute transition
A wake is absolutely unstable if the trailing edge of the linear impulse response propagates at a negative group velocity. Therefore, it is deduced from the previous discussion that the convective-absolute transition is led either by the axisymmetric shear-layer mode m = 0 (SLM 0 ) or the helical wake mode m = 1 (WM 1 ). In this section, we investigate the convective/absolute transition of axisymmetric wakes, and identify the selected dominant mode that leads the transition in the laboratory frame (v g = 0), in a parameter space including the velocity ratio Λ, the steepness parameter D/θ, the density ratio S, and the Mach number M ∞ . For simplicity, a control parameter is said to be destabilizing (resp. stabilizing) when its variation results in an extension (resp. reduction) of the domain of absolute instability.
Effect of the density ratio
We study the effect of the density ratio and the velocity ratio on the stability properties of the base flow, for a wake of steepness parameter D/θ = 60 at zero Mach number. The boundary of the domain of absolute instability in the (S, Λ)-plane is presented in figure 7 . We use a dashed curve when the transition is led by the axisymmetric shear-layer mode and a plain curve when it is led by the helical wake mode. The instability is absolute for combinations of parameters located in the shaded region, labelled AU, and convective for all other combinations of parameters (CU-labelled region).
The absolute instability boundary is reminiscent of that documented by Yu & Monkewitz (1990) in the case of two-dimensional wakes, namely large high (resp. low) density ratios are destabilizing (resp. stabilizing) and promote absolute (resp. convective) instability. A discontinuity in the boundary occurs at S = 0.396, a point marked by an open circle in figure 7 , where the dominant mode switches from the axisymmetric shear-layer mode (S 6 0.396) to the helical wake mode (S > 0.396). In the following, this particular point where both modes are simultaneously marginally absolutely unstable is referred to as the crossover point. Note also that the marginal curve crosses the Λ = −1 line at S = 1.551. Therefore, wakes with sufficiently high density ratios can be absolutely unstable to m = 1 perturbations (wake mode), even with a coflow on the axis. The threshold is found to be asymptotic to Λ = −0.9 as S increases, indicating that the critical velocity ratio depends weakly on the density ratio: for instance, absolute instability occurs in presence of a coflow rate of 5.3% at S = 10 and of 5.8% at S = 4. On the contrary, for low density ratios, the critical velocity ratio required to reach absolute instability is dramatically affected by small variations of S: for instance, absolute instability occurs in presence of a counterflow rate of 22.5% at S = 0.5 and of 51.7% at S = 0.2. This striking behaviour may be understood by considering the effect of the baroclinic torque, as first suggested by Soteriou & Ghoniem (1995) for the stability of homogeneous and non-homogeneous shear layers. The main idea is that a baroclinic torque arising from base flow density gradients and from the pressure perturbations Γ = (∇ρ 0 × ∇p )/ρ 2 0 can act as a source for the vorticity perturbations, as discussed by Nichols et al. (2007) in the case of non-homogeneous round jets, for instance. On similar jet configurations, Lesshafft & Huerre (2007) have shown that the impact of baroclinic effects can be assessed by solving a modified dispersion relation, in which the linearized momentum equations are artificially forced in order to cancel the baroclinic torque, which has only one non-trivial component Γ θ e θ due to the axisymmetry. This method is generalized here to the case of non-axisymmetric disturbances, leading to a two-component baroclinic torque Γ θ e θ + Γ z e z , where convective to absolute instability is led by the helical wake mode (m = 1) whatever the value of the density ratio. For S = 1, forced and unforced marginal absolute instability curves cross since the baroclinic torque vanishes in the homogeneous case. Surprisingly, the convective-absolute transition is nearly independent of S when the baroclinic torque is cancelled, even though the density ratio still enters the dispersion relation, the relative difference not being measurable for S > 1, and being negligible for S < 1 (0.9% at S = 0.5 and 3.5 % at S = 0.1). It may therefore be concluded that the baroclinic torque Γ promotes the onset of absolute instability in heavy wakes and delays it in light wakes. The physical mechanism proposed by Lesshafft & Huerre (2007) to explain the stability of axisymmetric disturbances in hot jets may be extended to non-axisymmetric perturbations by examining how the baroclinic torque associated with the spatio-temporal absolute eigenmode interacts with the associated displacement η of the shear layer at r = 1, computed from the radial velocity perturbation as ∂ t η + W ∂ z η = u , so that
Considering the vector tangent to the phase lines of η, defined as t = k 0 r e θ − m/r e z , only the component of the baroclinic torque along t
plays a role in the displacement of the shear layer. Figure 8(a) shows the shear-layer displacement and the spatial distribution of Γ t in a meridional plane, computed for the helical wake mode at the absolute instability threshold, for a heavy wake of ratio S = 2.5. All spatial amplifications are neglected for clarity by setting the spatial (2007) and Nichols et al. (2007) : the baroclinic torque is concentrated within the shear layer, in regions of alternating sign. The baroclinic torque is destabilizing since it induces a clockwise rotation when η decreases with z, and a counterclockwise rotation when η increases with z. This effect of the baroclinic torque is thus determined by the relative phase φ of the projected torque Γ t , evaluated in the shear layer (r = 1), with respect to the displacement η φ = arg{Γ t | r=1 } − arg{η| r=1 }.
(4.4)
Because there is almost a quadrature advance between Γ t and η (φ = 1.90), the baroclinic torque tends to enhance the deformation of the shear layer, and is therefore destabilizing, as indeed is predicted by the direct stability analysis. Figure 8(b) shows similar results for a light wake of density ratio S = 0.45, but owing to the change of sign of the base flow density gradient, we find in that case a quadrature delay between Γ t and η (φ = −1.77), so that Γ t now induces stabilizing deformations that oppose the shear-layer deformation. These results, generalizing the argument of Lesshafft & Huerre (2007) to the case of non-axisymmetric disturbances, show that the action of the baroclinic torque may result in an increase or in a decrease of the instability growth rate. This baroclinic effect depends on the magnitudes of Γ t and on its relative phase φ with the displacement η: the stabilizing (resp. destabilizing) effect is maximum when φ is −π/2 (resp. φ = π/2). When φ is close to 0 or π, the leading-order effect of the torque is neutral, as it then displaces upstream or downstream the shear-layer undulation. Therefore, we propose to cast the effect of the baroclinic torque in the single baroclinic factor
i.e. we consider baroclinic effects for a fixed amplitude of the displacement. Figure 9 shows the calculated value of Υ at the absolute instability threshold of the helical wake mode. In agreement with the results discussed from figure 7, values of Υ indicate a destabilizing effect of the baroclinic torque for S > 1 (positive values), and a strong baroclinic stabilization as S decreases to zero (low negative values). Figure 10 presents the Strouhal number St and wavelength λ 0 as a function of the density ratio at the absolute instability threshold, i.e. for parameter couples (S, Λ) varying along the boundary of the absolutely unstable domain shaded in figure 7 . At the crossover ratio S = 0.396, both curves undergo a brutal discontinuity, owing to the change in the selection of the dominant mode, from the axisymmetric shear-layer mode to the helical wake mode. When the density ratio increases in the range 0.1 6 S 6 0.396, the axisymmetric shear-layer mode dominates: the absolute wavelength remains constant, of order 0.5 wake diameter, and the absolute frequency is high and decreases from 1 to 0.9. When S is increased above 0.396, the helical wake mode dominates: the absolute wavelength jumps to 4 wake diameters and grows up to 10 diameters. At the same time, the absolute frequency drops to 0.3 and keeps decreasing to 0.1 at S = 10.
Effect of the steepness parameter
We investigate the effect of varying the steepness parameter on the absolute instability threshold of the flow, keeping M ∞ = 0. Figure 11 presents absolute instability boundaries when the steepness parameter varies within the range 40 6 D/θ 6 160. The crossover points between the axisymmetric shear-layer mode and the helical wake mode are marked by an open circle. All curves reflect the same trend as for D/θ = 60 (figure 7). The steepness parameter has essentially no effect at high density ratios, where the helical wake mode leads the transition. However, at low density ratios, increasing the steepness parameter has a stabilizing effect, and the domain of absolute instability shrinks significantly. The density ratio at the crossover point monotonically increases with D/θ, from 0.202 at D/θ = 40 to S = 0.673 at D/θ = 160, whereas at the same time, the rate of This curve separates domains where the transition to absolute instability is led, respectively, by the axisymmetric shear-layer mode (domain labelled SLM 0 ) and the helical wake mode (domain labelled WM 1 ). Open circles correspond to the crossover points for the four values of D/θ plotted in figure 11 and are labelled here with their corresponding velocity ratio Λ. counterflow necessary to reach absolute instability decreases from 48.6% (Λ = −2.89) to 23.4% of the free-stream velocity (Λ = −1.61). This effect is synthesized in figure 12 , which shows the variations of the density ratio at the crossover point as a function of D/θ. Values of the critical velocity ratios Λ below which the instability becomes absolute are reported along the crossover curve for the four values of D/θ presented in figure 11 . The axisymmetric shear-layer mode is dominant for combinations of parameters located above the curve (region labelled SLM 0 ), and the helical wake mode is dominant for parameters located below the curve (region labelled WM 1 ). The convective-absolute transition is essentially led by the helical wake mode, the axisymmetric shear-layer mode being dominant only at low density ratios and large steepness parameters. For small values of the steepness parameter D/θ 6 32, the helical wake mode is dominant for all density ratios 0.1 6 S 6 10 considered in this study. Note that in the homogeneous case (S = 1), the absolute instability is led by the helical wake mode for all steepness parameters, as reported in Monkewitz (1988) for incompressible homogeneous wakes. Figure 13 shows the Strouhal number and wavelength at the absolute instability threshold for different values of the steepness parameter D/θ. The curve trends are similar to that presented in figure 10, namely the frequency and the wavelength respectively increases and decreases when the density ratio increases, and all curves are discontinuous at the crossover point characterizing the change in the selection of the dominant mode. For low values of S, the axisymmetric shear-layer mode is dominant and selects high frequencies increasing with D/θ (St ∼ 0.6 for D/θ = 40 and 1.5 6 St 6 1.9 for D/θ = 120), and short wavelengths decreasing with D/θ (of order 0.9 wake diameter for D/θ = 40 and 0.3 wake diameter for D/θ = 120, these values being almost independent of S). For higher values of S, the helical wake mode is dominant and is characterized by low frequencies 0.1 6 St 6 0.4 depending on S, but almost independent of the steepness parameter, and by large wavelengths varying between 4 and 10 wake diameters, the values obtained for D/θ = 80 and 120 being equal.
The behaviour is different for smaller values of the steepness parameter. We present in figure 14 the absolute instability threshold in the range D/θ 6 15. For all values of D/θ in that range and for all density ratios, convective-absolute transition is led by the helical wake mode, a result consistent with that discussed from figure 12. In opposition to the behaviour described in figure 11 , lowering D/θ has a stabilizing effect for all density ratios S, and it results in a significant reduction of the absolutely unstable region. In particular, absolute instability requires counterflowing streams at shear-layer mode to be dominant (see figure 12) , the transition to absolute instability is led by the helical wake mode for all the values of Λ presented in figure 15 . In the absence of counterflow (Λ > −1), the lowest density ratio at which an absoluteinstability exists is S = 0.982, for D/θ = 19. For each value of Λ, the critical density ratio for the helical wake mode increases slightly when D/θ varies from 30 to 160, a behaviour corresponding to the stabilizing effect discussed from figure 11. The trend is reversed when D/θ is decreased further below 15, as the critical density ratio increases significantly, illustrating the stabilizing effect shown in figure 14 . For Λ = −1 (resp. Λ = −1.2), wakes with steepness parameters D/θ . 9 (resp. D/θ . 7) are found to be convectively unstable for all density ratios (part of the curves parallel to the S-axis in figure 15 ). For Λ = −1.5, absolute instability can be reached by increasing sufficiently the density ratio, even for the smallest steepness parameter D/θ = 6.5 accessible through profiles (2.6). This means that for Λ = − 1.5, the Gaussian wake (associated to D/θ = 6.5 and N = 1) is absolutely unstable for S > 1.14, whereas for Λ = −1.2 or larger, it is convectively unstable for all values of the density ratios. 4.3. Effect of the free stream Mach number We consider now the effect of the Mach number on the stability properties of the flow. Our calculations show that the effect of compressibility is negligible for free-stream Mach numbers below 0.3, the variations of the critical parameters being less than 10%. Figure 16 (a) presents the absolute instability boundaries in the (S, Λ)-plane for D/θ = 120 and M ∞ = 0, 0.5 and 0.8. In the homogeneous case (S = 1), increasing the Mach number to high subsonic values is seen to weakly stabilize the helical wake mode, in agreement with the intuitive idea that compressibility slows down the upstream propagation of disturbances and therefore favours convective instability. A similar stabilizing effect is observed on the helical make mode when S & 0.65, and for light wakes when the axisymmetric shear-layer mode is dominant. This stabilizing effect of compressibility on the shear-layer mode is consistent with the analysis of Figure 17 . Effect of the Mach number on the normalized baroclinic factor Υ n at the absolute instability threshold, for D/θ = 120 and Re ∞ = 2000. (a) Helical wake mode for S = 0.5, valid only in the non-shaded area where the wake mode leads the absolute transition for this density ratio. In the shaded area are reported the values of Υ n of the mode associated with the wake mode saddle point, followed by continuity. (b) Helical wake mode for S = 2 (for this value of S, the transition is led by this mode only). (c) Axisymmetric shear-layer mode for S = 0.2 (for this value of S, the transition is led by this mode only). Pavithran & Redekopp (1989) on plane mixing layers. For S . 0.65, the helical wake mode is destabilized by an increase of the Mach number (solid lines in figure 16(b) when this mode is dominant), a behaviour in contrast with that of the axisymmetric jet column modes, for which convective instability is promoted by increasing the Mach number in the high subsonic regime, for all values of S (Monkewitz & Sohn 1988; Jendoubi & Strykowski 1994) . We propose to interpret these different compressibility effects for light and heavy wakes as the result of a competition between the classical stabilizing effect due to the decrease in the pressure wave speed, and baroclinic effects discussed in § 4.1. Results are given in terms of the baroclinic factor Υ defined by (4.5), normalized by the magnitude of the baroclinic factor of the incompressible wake 6) so that Υ n (M ∞ = 0) = ± 1. Figure 17 shows the evolution of Υ n as a function of the Mach number for wakes of different density ratios. The case of a moderately light wake of density ratio S = 0.5 is presented in figure 17(a) , where the transition is led by the helical wake mode for M ∞ > 0.63. The increase of the negative baroclinic factor corresponds to a decrease of the stabilizing effect at this density ratio, i.e. to a destabilization. This suggests that the absolute instability triggered by an increase of the Mach number arises from a weakening of the stabilizing baroclinic torque. Figure 17 (b) shows the case of a heavy wake of ratio S = 2, where the transition is led by the helical wake mode for all Mach numbers. The baroclinic torque remains positive and almost constant until M ∞ 6 0.5 and then decreases rapidly, inducing a decrease of the destabilizing effect at this density ratio, i.e. a stabilization consistent with the effect observed in figure 16 . The case of a very light wake of density ratio figure 17(c) , the transition being led by the axisymmetric shear-layer mode for all Mach numbers. The results are similar to those obtained for the S = 0.5 wake, namely the baroclinic effect is destabilizing. Therefore, the global stabilizing effect observed in figure 16 for the shear-layer mode does not result from a variation of the baroclinic torque and should be blamed on the decrease in the disturbance wave speeds when the Mach number is increased.
As a result of the stabilizing effect of the Mach number on the axisymmetric shear-layer mode, and of its destabilizing effect on the helical wake mode for light wakes, the crossover point is displaced in the region of very low density ratios as M ∞ is increased ( figure 16 ). The corresponding critical velocity ratio drops to very small values, illustrating the necessity of strong counterflows to achieve the transition to absolute instability at large M ∞ and small S. For instance, at M ∞ = 0, the crossover density ratio is S = 0.625 with a critical counterflow rate of 23.7% of the free-stream velocity (Λ = −1.62). At M ∞ = 0.8, the crossover density ratio is S = 0.215 with a critical counterflow rate of 70.1% (Λ = −5.70).
This tendency is visible in figure 18 , which generalizes the results presented in figure 12 to Mach numbers M ∞ = 0.5 and 0.8. Values of the velocity ratio at the crossover point are reported for the same values of D/θ as in figure 12 . Consistently with the results presented in figure 16 , the helical wake mode (m = 1) is promoted as the dominant mode for high subsonic Mach numbers, this effect being more pronounced for large values of D/θ. For small values of D/θ, the helical wake mode leads the transition to absolute instability at all density ratios, a trend already documented for M ∞ = 0. axisymmetric shear-layer mode, we hence find values of approximately St ∼ 1.8 for M ∞ = 0 and ∼1.5 for M ∞ = 0.8, with wavelengths of order 0.3 wake diameter. For the helical wake mode, we find Strouhal numbers 0.1 6 St 6 0.3, with wavelengths varying between 4 and 10 wake diameters.
The properties of the helical wake mode are finally investigated by considering the combined effect of M ∞ and S in the particular configuration of zero centreline velocity (Λ = −1). The absolute instability boundaries in the (S, M ∞ )-plane are presented in figure 20 for different values of D/θ. Since the axisymmetric shear-layer mode requires a counterflow to become absolutely unstable, the helical wake mode leads the transition for all the combinations of parameters examined here. For all values of the steepness parameter, the range of absolutely unstable density ratios is significantly reduced by increasing the Mach number. For instance, in the range of density ratios under consideration, the lowest steepness parameter at which an absolute instability exists is D/θ = 12 for M ∞ = 0.9, and D/θ = 9 for M ∞ = 0. Note that the region of absolute instability, quite limited for D/θ = 10, extends dramatically when D/θ is increased to 20, and then shrinks again when D/θ is further increased from 20 to 160. This behaviour is associated to the non-trivial effect of D/θ described for M ∞ = 0 in § 4.2, both destabilizing and stabilizing effects being more pronounced as the Mach number increases. For instance, in the range of density ratios under investigation, no absolute instability occurs for Mach numbers above 0.615 at D/θ = 10, and above 0.773 at D/θ = 160.
Conclusion
The convective-absolute transition in axisymmetric wakes has been investigated for a fixed Reynolds number Re ∞ = 2000, in a parameter space including the velocity and density ratios, the steepness parameter and the free-stream Mach number. Depending on the parameter settings, i.e. to the flow regime, the transition to absolute instability is led either by a large-scale helical wake mode of azimuthal wavenumber m = 1, or by a Absolute instability in compressible non-homogeneous axisymmetric wakes 397 small-scale axisymmetric shear-layer mode (m = 0). An increase of the density ratio or an increase of the velocity ratio promotes absolute instability, no matter which mode leads the transition. Varying the Mach number has a more complex effect. For very light or heavy wakes, increasing the Mach number promotes convective instability, but for intermediate values of the density ratio, an increase of the Mach number promotes an absolute instability of the helical wake mode, a behaviour strikingly different from that documented for other shear flows. We show that this behaviour may be attributed to the effect of the baroclinic torque. The axisymmetric shear-layer mode is dominant only for low density ratios and high rates of counterflow on the wake axis (large negative velocity ratios). In all other cases, and in particular for small rates of coflow or counterflow more realistic of a real afterbody wake, the transition to absolute instability is led by the helical wake mode. The frequency of the helical wake mode at the absolute instability threshold is weakly dependent on the parameters, and is characterized by Strouhal numbers varying in the range 0.1 6 St 6 0.3. These results give credence to the interpretation of the large-scale oscillation observed in the experimental studies of flows past spheres, disks and more complex axisymmetric afterbodies in terms of a nonlinear global mode triggered by a local transition to absolute instability. In the whole range of parameters explored here, the azimuthal wavenumber and frequency selection is in qualitative agreement with such a mode made of a front located at the upstream boundary of the absolutely unstable region (separated or not from the body), and followed by a saturated wavetrain (Couairon & Chomaz 1999; Pier 2002) . In that case, the front region is the wavemaker and imposes its azimuthal wavenumber and frequency to the entire flow.
All source terms are considered as additional variables of the generalized eigenvalue problem. The modified dispersion relation is therefore constructed from the unforced continuity and energy equations, the forced momentum equations (B 1) and the source equations (B 3).
